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Abstract. The inductive approach is applied to the problem of geomagnetic indices forecasting. It provides not only
quality forecasts but also gives new information about the underlying physics of the solar wind-magnetosphere interac-
tion.
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1 Introduction

Space weather forecasting is a challenging and nontrivial activity. The most straightforward approach to space weather
prediction is to study the whole complex chain of physical processes involved in magnetospheric dynamics and conjugate
them in a global model of the evolution of the magnetosphere under the influence of the solar wind. Unfortunately,
this is not yet possible due to our poor understanding of the physics of the interaction between the solar wind and the
magnetosphere. For this reason, different approaches should be tried. Today the optimal combination of virtues and vices
is provided by the methods involving time series analysis and data mining [1]. They provide a moderate prediction time
(up to several hours) with the highest available accuracy (> 80%). They are very effective and easy to use but strongly
depend on satellite data availability. These are “black box” or “input-output” models, which seek only to reproduce the
system’s output in response to changes of its inputs. The model terms are usually physically interpretable and thus useful
for construction of new phenomenological models. For this reason, this method can not only provide a space weather
forecast per se, but also can improve our knowledge of the underlying physics and thus increase the efficiency of other
methods.

Multidimensional time series analysis can be performed using the methods of statistics, signal processing, informatics,
fuzzy logic etc. The most widely used variations are artificial neural networks, optimization, and correlation analysis.
Artificial neural networks [2, 3, 4, 5] provide short-term predictions up to 4 hours with the correlation coefficient of 0.79 in
the paper [4]. Earlier implementations of this approach experienced significant difficulties predicting strong geomagnetic
storms with KP > 5, but this approach remains one of the most popular alongside the empirical methods. Optimization
approach [6, 7, 8, 9, 10, 11, 12] seems to be more successful being able to provide 8-hour predictions in the paper [8].
However, in the papers based upon the optimization methods the volume of the dataset used is usually does not exceed 1
year, which is insufficient to correctly describe the solar cycle. Correlation analysis [13, 14, 15, 16, 17] gives interesting
results, but it was used solely for developing and constraining empirical models [16].

However, most of these methods have a common feature: they lead to a regression relation at some point, so it seems
natural to skip all the preliminary steps and instantly use the regression analysis without unnecessary multiplication of
entities. Here we describe an inductive approach, which allows achieving accurate short-term forecasts of geomagnetic
indices. The proposed method is based upon the regression analysis and the mathematical statistics. This approach
involves inductive construction of a regression relation between output and input values. This approach can provide
accurate short-term and, to a certain extent, medium-term forecasts and gives new information about the underlying
physics, thus contributing to the solar-terrestrial physics.

Some preliminary descriptions of different aspects of this method can also be found in the articles [18, 19, 20, 21, 22].
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2 Theory

Consider a discrete dynamical system (in our case, terrestrial magnetosphere) with an unknown number Ktot of inputs uk

and one output y (one of geomagnetic indices), which is simply one of inputs uk. At each step t we know only K < Ktot

inputs uk(t), k = 1,K (1,K means all the integer numbers from 1 to K inclusively) and an output y(t). Then at an
arbitrary step T we can write the predicted value of the system’s output in the form

y(T +Θ) = y∗(T +Θ) +Δy(T +Θ), (1)

where Θ is the lead time of the forecast (the number of hours the forecasted value is ahead of the last measured value),
y∗(T+Θ) is the estimated predicted value, and Δy(T+Θ) is the uncertainty, which we assume to be random and stochas-
tic. We are also forced to assume that all values are distributed normally to be able to use the methods of mathematical
statistics, though this is, of course, not always true. We also assume that the statistical properties of the dynamical system
do not change on the time scale Θ. Note that the uncertainty Δy(T +Θ) can be also assumed to be members of some set
or to lie in a certain interval [23]. The predicted value y∗(T +Θ) is expressed through a partial regression relation [24]:

y∗(T +Θ) = C0 +

m∑

i=1

Cixi(T ), (2)

where xi, i = 1,m are the regressors, which are arbitrary functions of input quantities uk(t), which are already measured
at the time T when the forecast is made, Ci, i = 0,m are the regression coefficients, C0 is the coefficient of the constant
regressor x0 ≡ 1, and m is the number of variable regressors.

We choose the regressors xi in the form of products of powers of the input quantities

xi(t) =

K∏

k=1

upk

k (t− l), l = 0, L, (3)

where pk are powers, which can be equal to zero or any natural number, l is the lag, and L is the maximal lag. This is
equivalent to using a Kolmogorov-Gabor polynomial [25] as a basis function. In contrast to empirical models we do not
add fitting parameters and all the regressors have physical meaning. Note that different sets of regressors should be taken
for different values of the lead time Θ.

Of course, y(T + Θ) is also affected by the inputs uk(T + 1), . . . , uk(T + Θ). However, we don’t know the values
of these inputs at the moment T and thus cannot use them. This means that by increasing the lead time Θ we sacrifice the
ability to take into account the processes with time scales less than Θ.

Now we should determine the coefficients Ci by the generalised least squares method over a large sample of solar
wind and geomagnetic data, with equal statistical weights of all points. It is usually advised [26] to use singular value
decomposition for this task, but it is a rather slow algorithm and requires multiplying two n×m matrices, which requires
a lot of RAM (each matrix requires approximately 1.67 MB of RAM per regressor for the sample described in Section 3).
For this reason, we used the simple Gauss-Jordan elimination [26]. The latter also produces a covariance matrix, which is
an additional advantage of this algorithm. The expression for Ci has the form [26, 27]:

Ci(t) =
∑

j

a−1
ij bj , (4)

where (•)−1 denotes matrix inversion,

aij =
T∑

t=1

xi(t)xj(t), (5)

bj =
T∑

t=1

y(t)xj(t). (6)

Its standard error is given by [26, 27]
ΔCi =

√
ζii, (7)

where
ζij ≡ cov(xixj) = σ2a−1

ij (8)

is the covariance matrix,

σ =

√
S

n−m
(9)
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is the residual mean square (RMS) error of the forecast,

S =
n∑

t=1

(y(t)− y)
2 (10)

is the residual sum of squares (RSS), and n is the number of datapoints in the sample. The value n−m here is a number
of degrees of freedom.

The statistical significances of the regressors are determined according to Fisher’s F-test [24, 28]. This test allows sep-
arating significant and insignificant regressors. The insignificant parameters are then rejected and the routine is repeated
until the regression contains only significant regressors. This is done in the following way. After processing the data with
the least square method, Fisher significance parameter Fi was determined for each regressor by comparing residuals for
the full model and the model without the regressor in question [24, 27]:

Fi =
Si − S

σ
=

(
Si

S
− 1

)
(n−m) (11)

where Si is RSS of the model without the i-th regressor. Note that this procedure involves solving m generalised least
squares problems whose design matrices have the dimensions n× (m− 1), so it is not too fast. Even when using Gauss-
Jordan elimination, we should perform m inversions of (m−1)× (m−1) matrices, so the runtime growth cubically with
m. For this reason, we should not add all the regressors at once, but rather add them gradually. This procedure will be
described in Section 4. All the Fi values were compared to the values 2.71, 3.84, 5.02, 6.64, 7.88, 10.83 and 12.10, which
correspond to the statistical significance levels of 90%, 95%, 97.5%, 99%, 99.5%, 99.9% and 99.95% respectively. Then,
the insignificant regressors are rejected and the routine is repeated until all the regressors are significant. The number of
significant regressors thus depends on the selected significance level threshold. All the results given below correspond to
a minimal significance level of 90%. Since rejecting any regressor leads to the change of the statistical significances of
the others, it is necessary to reject insignificant regressors in several steps, ideally one regressor at a time. In practice,
since the F-test has a significant runtime, it is better to reject all insignificant regressors at once, but to gradually increase
the significance threshold to the desired value.

After that, new regressors are added. After adding new regressors, all the significances are recalculated, and some of
the old regressors can become insignificant.

This routine should be repeated while the addition of new regressors improves some quality characteristics. Such
characteristics, depending on the goal, can be the maximum forecast error max

T
|Δy(T + Θ)|, the RMS error σ or the

prediction efficiency (PE)

PE = 1−
(

σ

σS

)2

, (12)

where

σS =

√
S

n− 1
(13)

is the sample’s standard deviation (SD), or the linear correlation (LC) coefficient

r(ξ, η) =

∑
(ξ − ξ)(η − η)√∑

(ξ − ξ)2
∑

(η − η)2
(14)

between y∗(T +Θ) and y(T +Θ). Note that these values for the developed model should be compared to the same values
for the persistence model

y∗0(T +Θ) = y(T ), (15)

which is, obviously, the simplest possible model, which states that the output value will not change since the last mea-
surement, so it just shifts the time series one unit of time to the future.

There is one more thing worth noting about the evaluation of the models. It is possible that the developed model will
be too sample-specific and fail to work on different samples, no matter how good its quality characteristics are. To avoid
such a situation, the sample should be divided into 2 subsamples. The first subsample, which is commonly called the
training sample, is intended for the determination of model structure and parameters. The second subsample, which is
called the test or the validation sample, is for the evaluation of the model.

The regressors xi are generally nonlinear, so from the control theory’s point of view, this method is able to describe
discrete dynamical systems with strong nonlinearity. This is an essential feature of the inductive approach. To obtain a
forecast of the sought geomagnetic index, one has to sum up the regression relation over a given sample.
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Now we have only one question left: the accuracy of the obtained models. It is important to understand that there
several different sources of errors. First of all, there is an error caused by the incompleteness of our model, which,
assuming that Δy is distributed normally, is equal to

Δy2M =

m∑

i=1

m∑

j=1

ζijxixj . (16)

Then, there are errors caused by uncertainties in determination of the input quantities. We can take them into account by
calculating the partial derivatives of the output with respect to the inputs:

Δy2u =

K∑

k1=1

K∑

k2=1

∂y

∂uk1

∂y

∂uk2

cov(uk1
, uk2

). (17)

They divide into 3 types: measurement errors, which are negligible, errors caused by the filtration of the input data, which
are provided in the OMNI 2 database, and intrinsic temporal irregularities of the input parameters. Finally, there are
spatial variations ΔyS , which are due to the fact that we measure the interplanetary magnetic field (IMF) and the solar
wind plasma parameters locally and assume that they are uniformly distributed in space. To estimate this type of errors
we need to perform simultaneous multipoint measurements of input parameters, which became possible since the launch
of STEREO mission in 2006, but lies beyond the scope of this method.

This method has two implementations: static and adaptive. The static version involves calculation of the regressors
and the coefficients on the training sample with forecasting made on the validation sample. The adaptive version involves
calculation of the regressors on the training sample and calculation of the coefficients simultaneously with the prediction,
so that the coefficients are recalculated at each step as new data become available.

3 Data

We used the OMNI 2 database [29], which contains IMF, solar wind and geomagnetic data, averaged over 1-hour intervals
(at the time of publication it contained 54 parameters in total, starting from 1 January 1963). This database covers a vast
number of spacecraft. In recent years the data come from spacecraft located in the first Lagrange (L1) point, also called
a libration point, which is situated along the Earth-Sun axis approximately 0.01 AU (1.5 millions of kilometres) from the
Earth. For typical interplanetary conditions (V = 470 km s−1) a spacecraft located there provides real-time data with a
40-minute lead time.

The data before 1976 are scarce and of poor quality and their inclusion in the dataset negatively impacts its charac-
teristics. Also, the final DST index is available only up to 2003, and we should reserve a validation sample to test our
models. For this reason we used a training sample that ranges from 1 January 1976 to 31 December 2000, thus forming a
continuous 25-year time series with a total of n = 219168 datapoints. For the DST index the mean is DST = −18.3 nT,
the median is −23 nT, the mode is 8 nT, and the standard deviation is σDST

= 24.6 nT. The distribution of the DST

index visually represents a normal one, but the Pearson’s χ2 test [24] disproves this null-hypothesis at the 99.99% con-
fidence level (χ2 = 416125.8). This is due to flatter wings of the distribution, which are caused by the periodicities of
the ACF. For the aP index the mean is aP = 14.9 nT, the median is 5 nT, the mode is 27 nT, and the standard deviation
is σaP

= 20.0 nT. In Section 5 we will also use a sample ranging from 1 January 2001 to 31 December 2003 (the latest
value of the final DST index) and its subsamples to test the developed models.

Unfortunately, during intense storms the instruments onboard spacecraft are often turned off to prevent permanent
damage to them and some or all of the input values are unavailable. By rejecting filled values from the time series, we
obtain the sample, which can be divided into different subsamples for specific purposes. Of course, the resulting sample
will vary according to the exact dependences of the regressors on the input quantities. For example, if our model contains
a regressor, which depends on the ion density with a lag of 5 hours, then we have to reject each datapoint whose 5th
predecessor contained a filled value of the ion density. Also, before the February 26, 2009 update of the OMNI 2 database
we were forced to insert some missing data from other databases, but now all the available data are included for all years.
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4 Routine

Now, all that remains is to choose some initial set of regressors. It seems natural to start from the previous values of the
output value itself. This will also give us a possibility to investigate temporal variations of the geomagnetic indices. For
this purpose, we should construct an autoregression model [22]

y∗AR(T +Θ) = C0 +

L∑

l=0

Cly(T − l) (18)

or, in other words,
xl(t) = y(t− l), l = 0, L. (19)

This model alone is not sufficient to correctly forecast space weather, but it sets a basis for the construction of models that
are able to do so.

Let us determine the maximum reasonable value of L. For this purpose, we plot the autocorrelation function (ACF) at
Θ = 1 for the DST and the aP index (Figure 1). A brief glance at the ACF is enough to tell that neither of the geomagnetic
indices can be treated as a Markov process. In fact, both the DST and the aP indices are periodically correlated.
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Figure 1. Autocorrelation function of the DST (left) and aP (right) indices

One can see that in both cases the ACF tends to a sinusoid with a period close to half a year. Besides the half-a-year
periodicity one can also notice the 27-day periodicity, caused by Carrington rotation of the Sun. The former is caused
by seasonal variations, which yields a question: if there were no temporal variations, what would ACF tend to at large
offsets? If the distribution of DST and aP was normal, the answer would be zero. However, the distribution slightly
deviates from the normal one, so ACF can tend to some non-zero quantity.

To determine this quantity we need to remove temporal variations. For this purpose we need to calculate the ACF of
a random sample with the same statistical characteristics as the actual sample. The easiest way to get such a sample is to
process the actual sample with a permutation method, which is widely used in astronomy e.g. for calculation of 2-point
correlation functions. This method involves random shuffling of the sample. Using this method many times (10000 times
in our case) and calculating the correlation coefficient each time, we get the distribution of the correlation coefficient by
Monte Carlo method.

The distribution of the coefficient for this sample appeared to be very close to a normal distribution. For the DST

index the mean was equal to 0.008 nT and the variance – to 5.1 · 10−6 nT2. For the aP index the mean was equal to
0.0052 nT and the variance – to 8.4 · 10−6 nT2. The maximum recorded value in 10000 trials was equal to 0.015 nT for
both indices. The top and the mean values are depicted on Figure 1 by the horizontal lines. As one can see, in reality the
correlation coefficient exceeds this value at most times due to temporal variations. The ACF of the DST index crosses
the top line for the first time at about 6000 hours, though the difference between the ACF and the sine with a half-year
period crosses it at about 2000 hours, which is about 3.5 27-day Carrington periods. The ACF of the aP index crosses the
top line at about 1200 hours, though the difference between the ACF and the sine with 27-day period crosses it at about
1000 hours. We will take the latter value as a rough estimation of L. This hints that rather old values of the geomagnetic
indices can be quite significant.

Let us return to equation (18). Applying the F-test we can determine which previous DST and aP values are statisti-
cally significant. We did not search statistically significant values for L � 1000, but it is possible that there are even older
statistically significant values. A similar situation was reported by Johnson and Wing [16] regarding KP : ‘the signifi-
cance is often quite large for extended periods of time (10-20 days)’. In fact, after adding the regressors corresponding to
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satellite data, we still found statistically significant values of DST as far as 850 hours ago (over 35 days). The statistical
significance of these oldest values can be over 99.9%.

After determining which previous values of the geomagnetic indices are statistically significant, we added all the
spacecraft-measured parameters available in the OMNI 2 database with lags up to 24 hours for hourly values and without
lag for daily values. Naturally, common sense also counts: for example it would be silly to add IMF components in
GSE and GSM coordinates at the same time. If some regressors xi have large statistical significance (we used a threshold
Fi � 100), we also added all their possible cross-products and powers

∏
i

xpi

i . For practical purposes we used non-negative

integer values of pi, limited by a total power of 4:
∑
i

pi � 4. The total number of regressors in final models varies roughly

from 50 to 250. Since it is quite large, we will not give here any lists of regressors or coefficients.

Of course, this method does not guarantee that all the significant regressors will enter the regression, since the regres-
sors are not orthogonal and thus more than one expansion is possible.

5 Results

First of all, we determined the statistical characteristics of the developed models with 3 hours lead time over the main
sample and listed them in Table 1. It is divided into 3 parts for DST , aP and KP indices. For DST and aP indices we
provide RMS errors σ, prediction efficiencies and linear correlation coefficients for the developed r and the persistence r0
models, and for KP index we provide the percentages of points with deviations lying within ±1

3 and ±1 bins. All these
data are provided for 4 models: persistence, autoregression, linear and nonlinear models.

Table 1. Statistical characteristics of the developed models for short-term forecasting (3
hours lead time)

Index DST aP KP

Model σ, nT PE, % r,% r0,% σ, nT PE, % r,% r0,% ± 1
3 ,% ±1,%

Training sample (Jan 1, 1976 – Dec 31, 2000)
Persistence 10.38 82.2 91.1 91.1 13.65 53.5 76.8 76.8 46.2 81.8
Autoregr. 9.92 83.7 91.5 91.1 12.74 59.6 77.2 76.8 80.1 93.9

Linear 7.89 85.6 92.5 89.2 8.06 68.5 82.9 71.6 80.0 94.3
Nonlinear 7.38 87.8 93.7 89.3 7.69 71.3 84.6 71.6 81.6 95.6

Validation sample (Jan 1, 2001 – Dec 31, 2003)
Persistence 12.00 82.3 91.2 91.2 15.72 53.8 76.9 76.9 46.9 82.6
Autoregr. 11.59 83.9 91.6 91.2 15.07 58.8 76.9 76.8 80.3 94.0

Linear 9.26 87.7 93.7 90.6 10.35 67.2 82.4 76.6 81.1 94.8
Nonlinear 12.11 79.8 89.6 90.9 10.80 64.3 80.9 76.6 83.2 96.1

However, some other approaches work well inside the training sample, where they “saw” the correct answer, but per-
form poorly during the out-of-sample validation. Let us verify that our approach holds no such vices using the validation
sample ranging from 1 January 2001 to 31 December 2003. These results are also provided in Table 1. One can see
that our models worked well over the training sample with an exception of the nonlinear model for the DST index which
appeared to be too sample-specific.

6 Conclusion

In this article we have described the inductive approach to space weather forecasting. It provides precise and reliable short-
term forecasts of the geomagnetic indices at least 3 hours ahead. It is possible to increase the lead time by sacrificing
the ability to describe fine temporal structure of the output value, i.e. using output values with lower temporal resolution.
This was demonstrated by Stodilka [30], who used a similar approach to forecast the daily averaged DST index a few
days ahead. In addition, the inductive approach is not limited to forecasting geomagnetic indices, so we can apply it to
forecast solar activity as well. It can also tell which quantities are the most geoeffective and in what way they are related
to geomagnetic indices, thus contributing to the understanding of the underlying physics. Last but not least, the inductive
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approach is suitable for issuing real-time space weather forecasts since it takes about one minute on an average PC to
calculate the coefficients and just a few seconds to issue the forecast.
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